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Fig. 1 Comparison of equilibrium and nonequilibrium
ionization in expanded flow through an axisymmetric,
hyperbolic nozzle

Here v and v.q are, respectively, nonequilibrium and equilib-
rium electron densities divided by gas density, and « is the
recombination coefficient for cesium ions and electrons. A
value of rate coeflicient o« = 1077 (250/7)%2 was used. This
is the lowest value of rate coefficient given by Eschenroeder
and, accordingly, produces maximum ionization nonequilib-
rium.  Values of (veq), were obtained from the Saha equa-
tion for degree of ionization as a function of temperature and
pressure.

Figure 1 compares ¥ and veq as obtained. Ionization due
to nonequilibrium is negligible under conditions that purposely
were taken as extreme for continuous MHD generator opera-
tion. Little or no benefit is to be derived from this type of
ionization nonequilibrium in present-day MHD generator
design.
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Concave Surfaces in Free Molecule Flow

MicHaeL J. PraTr*
The College of Aeronautics, Cranfield, England

Nomeneclature
m = molecular mass
N; = total incident molecular flux
Np = incident molecular fux from multiple reflections
N. = incident molecular flux from freestream
r = radius of eylindrical are surface
ri2 = separation of surface elements d=,, d2,
R = gas constant (per unit mass)
8 = molecular speed ratio = U/../(2RT.)\'?
T» = freestream temperature
7T = temperature of surface
Ve = freestream velocity
z = spanwise coordinate
o = angle of incidence
6 = polar coordinate
& = limit on @
po = freestream density

IN two recent papers Chahine" ® has studied the saero-
dynamic characteristics of surfaces with cylindrical and
spherical curvature, concave to a hyperthermal free molecule
flow. It is the purpose of this note to point out that Cha-
hine’s results for the drag of the cylindrical surface are in
error, and to give the corrections. An alternative approach
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Fig. 1 Geometry of eylindrical surface

to the problem used by the present author® has proved
advantageous in the axisymmetric case in that the numerical
evaluation of the results is relatively straightforward, whereas
Chahine’s results are left in the form of intractable quadruple
integrals.

Following Chahine, consider an are, infinite in extent, of a
cireular cylindrical surface (Fig. 1). The generators of the
surface are normal to a free molecule flow, and no part of the
surface is shielded from the freestream. In this paper the
mean thermal velocity of the gas molecules in comparison
with the freestream velocity is neglected, and a perfectly
diffuse reflection of molecules from the surface, with perfect
thermal accommodation, is assumed.

The momentum exchange normal to the surface per unit
area per unit time may be expressed as

p(0) = pu(8) + p:(6) + p.(6) 0

where p., is the pressure component due to incident freestream
molecules, p, is that due to multiple reflections of molecules
from other parts of the surface, and p, is the component due to
re-emission of molecules from the surface. Similarly, the
tangential momentum exchange is

7(0) = 7=(8) + 7(6) )

Since re-emission is diffuse, 7, = 0. The freestream and re-
emission terms take the well-known forms*

P=(8) = pU.2sin%(a — §) (3)
p:(8) = mN(6)(GuRT,)? 4)
7o(0) = p. ULt sin(a — 6) cos(a — 6) (5)

The multiple reflection terms remain to be determined.

Integration of the normal momentum components of the
re-emitted molecules over all possible directions of re-emission
shows that Fq. (4) is compatible with a mean velocity of re-
emission given by

¢ = $(2rRT,)V: (6)

where the cosine law of diffuse reflection is taken to hold.
In order to obtain the multiple reflection terms, one assumes
that the molecules are all emitted from the surface with this
mean velocity. From the geometry of Fig. 2 one finds that
the number of molecules emitted by a surface element d2,

Fig. 2 Geometry of multiple reflection process
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Fig. 3 Values of ¢ for eylindrical surface

and intercepted by dZ; in unit time is

dV,(0) dZi (B,2) =

cosd cosds
2

Ni(8:) dZ, (63,22) dZ1 (alazl) (M

T2

shere the cosine law of re-emission again is used. Here &
and 8, are the angles between the normals at dZ; and dZ.,
respectively, and the path traversed by the molecules. The
consequent pressure arising at dZ, 18

cos20; cosdy
dps(61) = me ;w—l"—j

12

[Vf(eg) r df, dz, (8)

E The corresponding tangential shear component normal to the

generators 1s
c0sd; cosd . .
——1—7—2 cosu siny Ny(6s) v d6: dz  (9)

T2

dry(0) = —me
where u and » are defined in Fig. 2. One is led to
1
‘lpb(el) = 7~r me Ny(62) X

8ri sindi (6, — 6s)

[(zy — 22)% + 4r2 «in?3(6 — 6,)]%* d0.dz. (10)

1
in(f) = — s me Ni(82) X

8rt sin*”%(ﬂl - 02) COS%(91 —_ 02)

dfsdz, (11
[(21 - 22)2 + 4r2 Sin?"%’(el - 02) ]5/2 B_dZA ( )

Integration with respect to z; from — = to + = and substi-
tution for ¢ from Eq. (6) now yields

o1
p(0) = 1 @nRT) [° N8 sinty(6y — 0) O (12)
2r -0 2
o
nl6) = = 5o @uRT) 0 Nl X

Siné(ﬁl - 02) COS%(01 - 03) d02 (13)

In place of Eq. (13), however, Chahine quotes

m o _ .
w6 = — o @eRTYY [° N.(8) sin(6, — 6 B (13
which is greater by a factor of 2. As will be seen presently,

Chahine’s use of the latter equation has given rise to mis-
leading results.
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Values of ep for spherical surface

Fig. 4
The lift and drag of the surface follow from

o
Lo=r [ (60 costa = 0) = (@) vin(e = 60)dBy (14)

D= [° (6 sin(a— 6) + r(8) cos(a = 016 (15)

and can be evaluated once N (81) is known. N is determined
by the geometry of the surface and in this case is the solution
of the integral equation

. I
N.(8) = N.(6) +ifﬂe Ni(8s) sing| 60 — 6] db: (16)

as is shown by Chahine.

The effect of surface concavity may be demonstrated con-
veniently by writing the aerodynamic coefficients (non-
dimensionalized with respect to the chord) in the forms

Cyp 9 sina + en(0,a)(@2/S)(T/T.) V2 sin®a  (17)
() €,(0,0) (r12/8)(To/ T.)V? sine cosa (18)

For© = 0, ep = €2 = 1, and the expressions reduce to previ-
ously known results for a flat plate at incidence a.

As an example, consider the case where o = w/2 and
0<0O < (r/2). ThenC. = 0and
Co = 2+ en@) (@ ST/ T)M? (19

Figure 3 shows the variation of ep with O for this case and
illustrates the significance of the error incurred by Chahine
in omitting the factor ¥ in the expression for 7 [Eq. (13a)}.
Since 75 gives rise to a significant negative drag contribution,
Chahine’s values are too low. The use of the correct ex-
pression for 7, [Eq. (13)], in fact, leads to a complete reversal
of the trend of ep with increasing concavity. As © increases,
¢p becomes progressively not less than the flat plate value,
as Chahine’s results indicate, but greater.

Chahine has given no numerieal results for the drag of the
spherical surface, but the values of ep for this surface with
a = 7/2, as caleulated by the method of Ref. 3, are shown in

Trig. 4.
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